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Calculations for chemical reactor de-
sign in which a very large number of
reactions take place, as in polymeriza-
tion, have not been extensively carried
out in the literature. Some work has
been done. Recently (7) addition and
copolymerization reactions were con-
sidered for continuous stirred tank re-
actors and batch reactors by solving a
large number of differential equations
on a computer. Since for polymeriza-
tion reactions the number of reactions
is conceptually infinite, the truncation
required for a computer demands an
approximation to a finite system. Be-
cause of the limitation of the memory
in a digital computer the number of
differential equations and hence of re-
actions which can be considered can
be predicted. For polymerization reac-
tions in which the degree of polymeri-
zation is great the truncated system
may or may not be a good approxima-
tion. The use of the generating func-
tion (4, 8) has also been considered,
and while this enables one to com-
pute the concentration of any n-mer in
a system without calculating the con-
centration of all of its precursors, it
has not been sufficiently exploited to
understand its range of applicability.
The interesting facet of the generating
function is that its use enables one to
reduce rigorously an infinite system of
equations to a finite system. Some in-
finite systems can be made to reduce to
finite systems as shown in the treat-
ment of polymerization reactor stabil-
ity (6, 10). It must be noted however
that the polymerization systems treated
thus far have been idealized to quite
simple models, and it may be neces-
sary to solve the equations for the
models as they stand for real systems,
since the reductions mentioned above
may not be possible. Goodrich (4) has
shown how the method of steepest
ascent may be used for a wide class of
problems.

In the present paper a different
technique will be presented for treat-
ing the same systems. Again the models
will be idealized ones, and this paper
should be considered as a tentative
and introductory one for the method.
In any mathematical system involving
an infinite number of discrete variables
the attempt is usually made to ap-
proximate the discrete problem by a
continuous one. Thus in this case it
will be convenient to think of concen-
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tration of a particular species of poly-
mer P; not as a function of the dis-
crete variable § but of a continuous
variable, as P(j). It will then be shown
that the infinite set of mass conserva-
tion equations for P; will reduce to an
ordinary differential equation for a
continuous stirred tank reactor and a
partial differential equation for the
batch reactor. Now there are various
ways of performing this transition from
the discrete to the continuous model.
For example this transition could be
carried out as was done for a distilla-
tion problem (1). However the tech-
nique to be used here seems to be
closer to the physical model than some
others that have been considered by
the authors.

THE CONTINUOUS VARIABLE
TECHNIQUE

The propagation mechanism for ad-
dition polymerization may be repre-

sented by -
P! + Ml g P!+1

with velocity constant k,;. The sym-
bols P,, M,, etc. stand for molecular
species as well as their concentrations.
The rate of formation r,, of active
polymer of length j (j monomer units)
by propagation is

Ty = Ky, j2a My Pyy—kypy My P

One may now define a function
P(f) such that P(j) = P, for integral
values of j and for intermediate values
by a suitable interpolation formula on
P,. In actual fact this will not be
necessary, for calculations made later
will only be at integral values of f.
Similar statements hold for k,,. If one
now assumes that k,(j—1) P(j—1)
may be expanded into a Taylor series
K(j—1) P(i— 1) = k,(j) P(j) —

d N Do
G k(1) P(1)1 +

terms of higher order

and one neglects the higher order
terms, then

d
() = — M"Ef [k (j) P(j)1

Note that this procedure is analogous
to that used in obtaining the equation
for the vibrating string as a limit of
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the set of equations for a set of con-
nected discrete particles (9).

In what follows the total polymer
concentration Pr plays a significant
role. The Euler-Maclaurin summation
formula (5) may be used to give

Pw=ipﬁ=fmunﬁ+

=1
1 1
—P(1 —P
5 (1) + 5 P(w) +

terms of higher order

The first three terms on the right-hand
side may be obtained as a first approxi-
mation from the area under the step
function P; when plotted against f.
For very large §, P; is zero so that

m=§m=£wmnﬁ+%

may be taken as a good approximation.
Note that P, = P(1).

MECHANISMS OF LINEAR ADDITION
POLYMERIZATION

For a single monomer one may as-
sume the following mechanism:
Initiation:
ki
M,— P,
Propagation:
kp!

P,+M P, i=123,...

Monomer transfer:

ktr!
P, +M,—>P+ M, j=1238,...

Termination steps:
Monomer:
k:;
P f] + M1 - M 41
Spontaneous:

k.,
P,—> M,

j=1,28,...

i=128,...
Disproportionation:

ks
PJ+P§—9M1+M¢,i,i=1,2,8,.-.

Combination:

ke
P, +Pi—>Me,, ji=123,...

If there are two monomers A and B
then one possible mechanism for linear
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addition copolymerization is
Initiation:
ka%
A;— P,

kbi
B,— Q;

Propagation:

Kyaas

P;+A1"—)P“1, 7':1,2,3,‘.

kpﬂb!

Pl + Bl——'") QI+1:

kphal
Q; + A — P,ﬂ,

kﬂbbl
Q;+B1‘—_)Q’+1, j=1,2,3,..-

Spontaneous termination:

i=1,23,...

i=1,23,...

kios

P,—s 4, =1238,...
k:w

Q— B, i=1,23,...

where P, is the concentration of active
polymer with an active end group A
and with an obvious interpretation for
the other symbols.

ADDITION POLYMERIZATION IN A
STIRRED TANK REACTOR

Consider a stirred tank reactor with
influent and effluent rates g and with
a volume V. Suppose also the only
feed to the reactor is monomer solu-
tion and catalyst. The special case of
monomer termination with no chain
transfer will be considered. The steady
state equations are

M1‘°’—M1[1+kc0+

=] -]
szyjpj‘i'ezkupj] :0

—‘P1[1 +0kle1+0k!1M1]+
0k, M

1:
0
—Pr"‘kiﬂMl—ngEkszj:O

—M,+6M1k¢,,_xpm=0,

i=238,...
—P,—GM, (kaJ—kp,J—lpf—l)"'
9M1k¢jpj=0, 7=2,8,...

These equations, in the transition to
a contimuous distribution of species,
become

M1(°’~—M1[1+k40+
o J k) P() dj+
o f R PG g+
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Fig. 1. Weight distribution of polymers in a
stirred tank.

]
2 tkut kP =0 )

ok, M,

M, and P(1). If one substitutes P(j)
from Equation (6) and P(1) from
Equation (2) into Equation (1), a
complicated equation in M, will be
obtained which may be solved. P(1)
will then follow from Equation (2).

The system takes a particularly
simple form when the rate constants
are assumed to be independent of j.
The equations for this case are

M — M, [1+ k& +
6 (k, + ki) Px]=0
6k M,
1+ 84k, + ki) M,
k.6 M,
IBTYIA
M{j) =8k M, P(1) eV,
P(j) = P(1) eV, j=1
1+ 6k M,
T oM,

With this simplification M is readily
found as the solution of a quadratic
equation, ‘

The weight distribution function

P(1) =

T

‘W (j) is defined by

weight of active plus dead polymer of length §

P{) =+ + 0(kp + ki) M, @)
PT=k¢0M1'—
aMlj: ke (j) P(j)dj—
1
— 9 M.k, P(1) (3)
2
M, =0Mk(j—1)P(j—1), j=2
(4)
W{(j) =
d N
T [k:(j) P()1 +
1+ oMki(f) .0 .
“‘—‘G—AT——P(I)—O, =2

(5)
® 1
where Pr = ‘[ P(j) dj + 3 P,. Equa-

tion (5) may be integrated if the sub-

stitution S (j) = k,(j) P(j) is made
with the result
kp
P(j) = ——P(1
D =m T
)
exp[——‘[ a(j)dj], i=1
where (6)
() = 14+ 0M,k:(f)
T M ()
M; may be obtained from Equation
(4):
ke(j—1)
M) = 6 My P(1) kpy o’
() RG—1D)
j-1
exp [—j: a(f) dj], =2
(7)

In order that Equations (6) and (7)
may be useful it is necessary to obtain
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total weight of polymer

_JPG) + MG

- M —M,
P(1)

~ 3o -]

k) 2
[Zgeel- I <o a]
k(D) |
—— Mk (j—1
+ -1 (i—1

exp [——— J:H a(f) dj ]}

for the general case and for the case in
which k, and k. are independent of j:

. P(1)
Wi = e
[je=T[1+ 0k M.e]
Differentiating W(j) and setting it
equal to zero one gets a value of j

which is the most probable degree of
polymerization. Thus f, = o™

In order to illustrate the ideas pre-
sented here consider the following
numerical example:

M, =1 g. mole/liter

=1 hr

k. = 0.03 hr.™*

k, = 100 liter/g. mole hr.
k. = 1.0 liter/g. mole hr.
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With this choice of parameters

M, = 0.493 g. moles/liter
P(1) = 2.93 X 10™ g. moles/liter
r = 0.989 X 10° g. moles/liter
P(j) = 293 x 10 exp [— 0.0304
(-1 j=1
M(j) = 1.44 X 10" exp [—0.0304
W) =873 x 10™ exp [— 0.0304
iy = 32.9
Figure 1 shows a plot of W (j) vs. j for
the above example.

Mechanisms other than the one
chosen for illustration may be handled
in a similar manner. In the case of co-
polymerization six algebraic equations
and two coupled differential equations
must be solved. Table 1 contains the
function W (j) for several mechanisms
of addition polymerization in a contin-
uous stirred tank reactor. All rate con-
stants in this table are assumed to be
independent of j, and in the case of
copolymerization it is assumed that
kpaa = pba and kpbb = kpab-
ADDITION POLYMERIZATION IN A
SERIES OF CONTINUOUS
WELL-AGITATED REACTORS

Consider a system of R well-agitated
continuous reactors in which the feed
to the first is a solution of monomer in
concentration M, moles per liter in
an amount of g liters per unit of time.
It may be supposed that the tempera-
ture of each reactor and the volume of
same is different but specified. For the
sake of definiteness the rate constants
will be taken independent of f, the
termination step will be spontaneous,
and there is no chain transfer. The
mass balances for deactivated polymer,
active monomer, and total active poly-
mer in the rth reactor are

Ml(r-n — Ml(r) [1 + k“ er +
0,- kpr Pr(r)] + ktr 00‘ P‘r)<1),
r=1toR

P(r_l)(l) + 07 kh‘ M}‘” .
1 + ktr 09‘ + 01‘ kpr Ml(n,

(8)

P(r)(l) —

Fig. 2. Characteristic curves for active poly-

mer distributions for linear addition polymeri-

zation in a batch reactor with monomer
termination assumed.
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P"(1) =0, r=1toR (9)
P — Py + 8, ki, M
1+ 0, k. ’
Py"=0, r=1toR (10)

These are simple algebraic equations
which may be solved from reactor to
reactor; in fact substitution of Equa-
tions (9 )and (10) into Equation (8)
gives a cubic equation in M., on the
assumption that M,“™, etc. are known.

The mass balances on the deacti-
vated and active polymer distributions
are

M(n(i) —_ ‘01' k“ P(r)(i) +

M"(); j=2 r=1tR
(11)
M=0, j=2
dP(r) :
d](]) + a, PO (j) = 5. P (j)
(12)
. l + 01- ktr . . 1
T e M T e, MO

P(j) =0

P (1) is calculated from Equations
(8), (9), and (10). Equation (12) is
a set of linear simultaneous first-order
differential equations which may be
written in matrix form as

dP(j)

p +AP(j)=0 (138)
where
o P(l)(j) b '
P(ﬁ)(i)
P(j) = , A=
P(R)‘(i) ] L

and with the initial condition

( =
|| O
£:2-
R
YzH (ou—a;,)
=8
R .
Y2 Vs H (a;——ak)
i=¢
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Fig. 3. Rate of growth of active polymers w
monomer termination assumed.

( P®(1) )
P®(1)

L P(E)(l) ]

The solution of Equation (13) is
_ 2 g P(1) _
P(j) = 2 -'l{k—_—T:— x, g™

X
-

~1)

where ) is an eigenvalue of the matrix

A and 7. and " are modal columns
and modal rows of the matrix

adj [X—- A ?]. Ihe eig_envalues of A
are ; = &, and #: and y. may be taken

a; 0 o.......... ... 0
o O ... ... 0
0 - Vs [s4] O ........ 0
6 ................... — Yr Qg
as
r'}'z Yoo YR )
(or — o) Y3 Ve oo - Yr
(al—-a,,) (az—ak)')a ..... Yr
R-9
(e — dk) rr
R-1
(@s — az)
e |
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B
Y H > (al b ak)
t=1

‘1) ﬁ 7

1=141

-1
I @
j=1

)

The vector ?(7') may then be written.

As an example for R == 2

— Yz Pm(l) e U0 4

P(‘J) (i)

Qg — 0y
v PP(1) + (o — @) P®

&y — g

e—uz(l -1

The vector M(f) may be found
easily, since Equation (11) in matrix
form is

where
r 3
1 0 O......... 0
-1 1 0......... 0
= 0 =1 1......... 0
;]
0 0 0 -1 1
L

and so since the inverse of Tmay be
easily found:

TabLE 1. MorecuLAR WEIGHT DistrRiBuTioN Function W(j) ror
SEVERAL TERMINATION MECHANISMS OF LINEAR ADDITION
PoryMEeRIZATION WITH BATE CONSTANTS INDEPENDENT OF §

MECHANISM

W(4)

mononer termination

tf

g ey Lok m o) S
t 1 M(°)~M
1 1

1+thMl

q = et
kaMl

monomer termination

R ERY El sox,

a P(1
f“l*gktnle]m
1 1
u-l+9(kt+ktf) Ml

spontanecus termination

tf [ kp Ml
spontaneous termination 3 emalinl) [1 +9 kt] —(-{%1-)———
M » M
1 1
1+8 ]:t
k,,=0 a=
tf ] kp H'l
disproportionation i e-a(j'l) l+0 %k P -—?Ll—!——-
t T (o)
termination Ml - Ml
k= 0 emish Py
tf o kp Ml
| ~a{j=l) 8k, PN o] P
combination termination [j e [1 + 3 (j=1) e } T
w (o) Ly
1 1
_— - 1+80 kt PT
tf ] kp Ml
. g rirl) (
, je P(1} (1 + 8 ktai + Qi (L + @ k)
Copolymerization

(o} {0}
[“1 +8,° —Al-BlJ

L lag ~ 1)
Y "z +c+B) ‘

X k, B
L, _Cta, TpbbC1
Ak

e [s
o |

paa L ‘Paa &1

k x &
1 . th + B 1]
O kb B Yo B Fomp By
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M(r) (1') — i 66 k“ P(i) (i)

$=1

LINEAR ADDITION POLYMERIZATION
IN A BATCH REACTOR

In this section a batch reactor ini-
tially charged with monomer of con-
centration M,*” will be considered. For
the special case of monomer termina-
tion an analytical solution for the ac-
tive polymer distribution P(j, ¢) is pos-
sible. When one assumes no chain
transfer and rate constants independent
of j, the unsteady state batch reaction
conservation equations for M,(t),
P.(t) Pr(t), M,(t) and P;(¢) are for
the discrete case

M koM, —
dt
(k, + kt) Py My; M1(O) = M,
(14)
dP;
——-—-‘—‘k«M:— kp k: P;Mx;
% (ks + ki)
P,(0) =0 (15)
dPT = ki M1_'ka1-M1;
dt
P:(0) =0 (16)
d_M’..—__— My Py f=2to oo
dt
M;(0) =0 (17)
B~k My (B~ i) — ke Py
j=2tocw; P,(0)=0 (18)
Equations (17) and (18) may be
transformed to
%;:_J)': kM PGi—1,1),
i=2, M(j,0) =0 (19)
8P (j, t) - kM 8P(1,.t) _
ot af

P(j,0) =0
P(1,t) = P.(t)

Note that Equations (14), (15), and
(16) may be solved easily, since

dM, 3
—ki— (ko +k) Pr
dp, _dP;
ki— (k, + k) P.  k.—k/ Py

so that Equations (14), (15), and
(16) reduce to simple uncoupled first-
order ordinary differential equations.
Therefore one assumes that M, (f),
P.(t), and P(t) are available as func-
tions of the time. In order to solve
Equation (20) the change of variable
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Fig. 4. Weight distribution of polymers pro-
duced in a batch reactor with monomer ter-
mination assumed.

o= J M0 d ot =10

transforms it to
daP apP
—=—k,——kP; =2
ar T 1=
with boundary conditions

P=0, r=0
P=P[f(n)], j=1

The solution of this system obtained by
the Laplace transformation is

pGio) = 1 (S o) az—

7—1)] oy /Ry (S-1) i—1
X, € , T i

i—1
k,
The vanishing of the distribution
P(j,t) for r<

P(j,t) =0 7 <

quantitatively

defines a finite time ‘iag T, which must
elapse before a molecule of length J is
grown, as

J=14kn=1+k [ M) d

The idea of time lag is consistent with
the physical concept that an arbitrarily
long molecule cannot be grown in an
arbitrarily short period of time. It is
suggested that the concept of a time
lag should make one question the
range of validity ¢ >0 of the set of
ordinary differential equations usually
written as a model for a batch reactor.
In fact the whole concept of a rate
expression for the formation of a very
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large molecule probably needs re-ex-
amination from a theoretical point of
view. The equations arising from the
application of the continuous variable
technique may be considered as a
model which is consistent with an im-
proved range of validity, ¢ > T..

The application of the Laplace trans-
formation in the solution for P(j, t) re-
sulted from the fact that the monomer
concentration occurred in the equations
in a special way. In general for any
other termination step a numerical
method of solution must be used. The
method of characteristics appears to
be the best choice and will be briefly
described. Equation (20) may be
written

aP oP
— ThM—=—kMP=

()

(dP) _(dt) oP
s/, \s),w T
(di) oP
s/, G

dP
where (——) is the directional de-

rivative of P(j, ¢) along a set of curves
¢ in the (j, ¢) plane. In this case

(&)

=1

EAp—_—

so that the characteristic curves are de-
fined by

and

(%?) kM) - (21)

and Equation (20) becomes

(%X — kM) P (22)

The characteristic curves are indicated
in schematic form in Figure 2. It is
apparent that P(j,¢t) is identically
zero along all characteristics emanat-
ing from the abscissa, since P is identi-
cally zero there. The characteristic
curve emanating from the point (1,0)
gives the relationship between the
length of the largest polymer grown
and the time ¢. Quantitatively this re-
lationship is obtained by integrating
Equation (21) from (1,0) to(J,#).
Along the line j = 1, P has the value
P.(t), and therefore by integrating
Equation (22) along characteristics
emanating from (1,#) one obtains
P(j,t) for the entire space bounded
by the lines j = 1 and ¢ = ¢,. These
integrations give

i =14k § e &
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wi)

Fig. 5. Weight distribution of polymers as a
function of termination rate k. with com-
bination termination assumed.

P(j(t),2) = Pi(t,) e~ J;Ml(é) d

The above methods may be ex-
tended to the case where the rate con-
stants are not independent of j. The
pertinent conservation equations, with
monomer termination assumed, are for
the continuous case

LY [k +
dt - 1 4
S ki eGna+
S k) pGn d+
kP, kuPl]
— T (23)
dp,
=kl M1"“ p1 ku P1Mx
— (ke + ki)
(24)
dPr [
il
® k;Pl
S ki G g-22 ]
(25)
oM(j, 1)
at
M.k(j—1) P(j—1),¢t) j=2
(26)
oP (j, t) 4 A
M1_ kp P ,t
e ai[ () P(j,¢)] +

k.(j) MiP(j,t) =0 j>=2
(27)
P(j,0) =0

For monomer termination application
of the Laplace transform is still valid,
yielding

pgo =2 (f @ a-

I k(i)
o,
1 k»(4)

§ k%)]kkm ¢
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TaBrLE 2. DIFFERENTIAL AND INTECRAL RELATIONS ALONG CHARACTERISTIC CURVES
FOR SEVERAL MEecraNISMs OF BarcH ReAcTOR LINEAR ADDITION POLYMERIZATION

wiTH RATE CONSTANTS INDEPENDENT OF

Mechanism Characteriatic Curves

i

Differential Relationa Integral Relations

. LT
monomer termination (dt)o kal(t)

spontaneous
termination

disproportionation
termination or
combination termination

t

&

(ET)O"]‘QHI.(”P j-l0kpj; MI(E) dg
°

t

-ktf;a e«

P(t) = Py(t ) o

<k (tat )

ol
(K)o =k P Pit) = Pl"to) .

ft
“k, tj’x"“‘ﬁ
P(t) = Pylt ) e

@
(E)0 -~k PT(t) 4

coapolymerization @l .6
dt 0
spontaneous termination 1

k -k
pa

Sty (@,
k AAI dt

-5 . .
0 (dt)0 [ktb + "pn"l . kﬁ:bsl] Q
1 1

a " Soba dh e ste B0 kB k2 B2
Ean o ‘”02_"“ Rob") ¢[E§-1‘-k“?-$:ﬁokmax]v-o
(g{-)% . K%o, sk, Pek, 00
P dj ki, P
'r>f ’_ ke Pr— il
r k(f)
) J” dj 2. Use M, (t) and P,”’(t) to ob-
P(j,t) =0, < ) &) tain an initial approximation P (j, t)
P

The method of characteristics solution
is facilitated by use of the substitution
S(j) = k,(j) P(j,t). The characteris-
tic curves are defined by

() =k

and Equation (27) becomes
dS)
a/,

Integrating these relations one gets

J () d’ t
—_— M,
j: kp(l) J:" (f) dg
P(j(t).t) =
k,1P1(to) —J: ke(i(&)) M1(£) dé
k(j(t))

Since the above integrations and in-
tegration of Equations (23), (24), and
(25) are coupled, an iterative pro-
cedure is suggested.

1. Obtain initial approximations
M, (¢t) and P.“(¢) by integrating
Equations (23), (24), and (25) un-
der the initial approximation

| S worna]

kn Pr— kzu P,
2
[ [ rnrana] =
Page 302

by the method of characteristics.
3. Use P“’(j,t) to get second ap-
)

proximations [ j:m k:(7) P(f, 1) dj ]a
md[lmkdﬂPUJ)ﬁ]m'

Mechanisms other than the one
chosen for illustration may be handled
in a similar manner. In the case of co-
polymerization one must solve six ordi-
nary differential equations and two
coupled first-order partial differential
equations. Application of the method
of characteristics yields two families
of characteristic curves along which
simultaneous numerical integration of
two coupled differential expressions
must be carried out. Table 2 tabulates
the pertinent relations along character-
istic curves for several mechanisms of
linear addition polymerization. All
rate constants in this table are assumed
to be independent of j.

Consider now a numerical example
in which the same pertinent parame-
ters are used as in the previous exam-
ple. For purposes of illustration the
termination is again assumed to be
monomer. Figure 3 gives the largest
polymer grown as a function of time.
Notice that the largest polymer which
can ever be produced is of length 93.

The weight distribution at two val-
ues of time is shown in Figure 4.
Notice that the distributions fall off
rather rapidly indicating that the con-
centration of active polymers of length
i rises rapidly to its steady state value.

It should be pointed out that the
continuous variable method gives

A.1.Ch.E. Journal

weight distributions which fall off
rapidly only if the prevailing mode of
termination is assumed to be monomer,
spontaneous, or disproportionation. For
the case of combination termination
the weight distributions fall off more
and more gradually as the value of k:
is increased, as shown schematically in
Figure 5. Since experimentally ob-
served distributions also fall off gradu-
ally, it seems highly unlikely that any
termination besides combination ever
prevails in real situations. This is con-
sistent with the conclusions of previous
workers (2, 3).

NOTATION

A,, B, = jth polymers and concentra-
tions of same
= degree of polymerization
k (with various subscripts) = reaction
velocity constants for initia-
tion, propagation, or termin-
ation

M, = dead polymer and concentra-
tion of same

P,, P(j) = concentration of active
polymer

r = total polymer concentration

t = time

Greek Letters

@,y = parameters defined in text

0 == holding time for stirred reactor

T = pseudo time variable for batch
reactor

¢ = characteristic curves for batch
reactor

A; = eigenvalue of a matrix
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